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\ﬁy which the detonation wave front sweeps past the liner. This formula is,
however, accurate only nnder steady-state conditions where the detonation
wave sweaps past ldentical cross sections of the explosive-liner geometry.
For non-steady cases, the Taylor formula is not applicable since the exis-
tence of a velocity gradient or a gradient of the typlcal acceleration

duration along the liner may significantly affect the angle §.

The new formula is tested against both numerical calculations and h
’ experimental data and predicts the angle § more accurately than the steady
Taylor formula. '

The derivation of fhe formula along with a comparison of its predictions
for the angle & with previous experimental work and two-dimensional code
calculations for both a conical-shaped charge and exploding cylinder are

presented in this report.
I

7\

LRECURITY CLASSIFICATION OF THIS PAGE(When Date Bntered)

e ; ‘ . )




e A YT ANt o e e peieth s

FOREWORD

! This report represents Part C of a four-nart final report for

3 Contract No. DAAK11-79-C-0124., These four parts address the topics:

3 (A) "Maximum Jet Velocity and Comparison of Jet Breakup Models"; (B)
"The Virtual Origin Approximation in Hemi Charges and Shaped Charges';:
(C) "An Unsteady Taylor Angle Formula for Liner Collapse'; and (D) 'Jet
Formation of an Implosively loaded Hemispherical Liner." Each part is
bound separately for convenience.
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I, Introduction

When a metal liner is driven to a velocity V by an explosive charge,
it is often important to know not only the magnitude of its velocity
but also the direction in which each liner element moves. This direc-
tion is conveniently defined by the angle § between the velocity vector
of the liner element and the perpendicular to the initial liner surface.
We shall call § the liner projection angle. For a fragmentation charge
(or exploding bomb), the projection angle will determine the final angu-~
lar distribution of the scattered fragments. For explosive cladding or
shaped-charge liner collapse, it will determine the collapse angle B
of the given charge. The specified qualities of either the cladding
bond or the jet, crucially depend on this collapse angle.

A formula for determining the projection angle § from the velocity
of the liner V and the velocity U by which the detonation wave front
sweeps past the liner surface was first proposed by Taylor [1]:

sind = V/2U (1

This formula, which has been the most extensively used one to
date (see References 2-8), is, however, accurate only under steady state
conditions where the detonation wave sweeps past identical cross sec-
tions of the explosive-liner geometry. For non-steady cases, the Taylor
formula is not applicable since the existence of either a gradient,
\'
SFW of the velocity V along the liner or a gradient, %%, of the typical
acceleration duration T(2 denotes the length tangential to the liner
surface) may very significantly affect the angle §, sometimes causing
very big deviations between the Taylor predictions and experimental

measurements.

A more accurate formula for the liner projection angle is there-
fore needed. It will lead to a more accurate description and under-
standing of processes such as the collapse of the conventional shaped
charge or the hemispherical liners and the formation of the self-forg-

ing fragment.

Recently, Randers-Pehrson {9] derived a non-steady liner projection
angle formula by empirically fitting a formula to the numerically cal-
culated results.

In the present paper an analytically derived formula is obtained.
It is based on the assumptions that (1) the detonation pressure acts
normally on the liner, and (2) the angle (8-§), which will be defined
later, i1s small.

We found that for the small angle assumption to be valid, the
initial radius of curvature must be small in comparison with the dis-
tance traveled by the liner during acceleration. A third assumption is
that the internal forces in the liner metal can be neglected. The new
formula was tested against both numerical calculations and experimental
data and was found to predict the projection angle § more accurately
than the steady Taylor formula.
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In this report we address only the equation governing the angle §
and the velocity parameters Vp and 1. No attempt is made here to
determine values of Vo and T as functions of explosive and liner geomatry
and properties, It is obvious that values of Vo and 1 are needed for
the eventual application of this equation. A simple method in deter-
mining V5 and t will be the objective of future research. For the
present jpurpose of ascertaining the accuracy of the unsteady Taylor
angle equation, we shall use values of Vg and 1 determined either by
two-dimensional computer code, or by experimental measurement.
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II. Derivation of Basic Equations

We shall first derive the differential equations describing the
liner's motion. We shall limit ourselves to liners with very large
initial radii of curvature. In other words, the liner has an almost
straight formation line. The liner could either be an axisymmetric
shell, or a "plane strain" plate. The explosion wave front is assumed
to be cylindrically symmetric for the shell case with its axis of sym-
metry coinciding with that of the liner's. We denote Ly & the length
coordinate along the liner and by U the velocity by which the detona-
tion wave front sweeps past the liner surface along the direction of
the liner surface.

The first differential equation deals with the increase of liner
velocity with time. Let V and 8§ be the magnitude and direction of the
liner velocity at the point 2 on the liner at a specific time, t. We
make the assumption that the gas pressure always acts perpendicular
to the liner surface. When a liner segment elongates or shrinks as it
is pushed or pulled by its neighboring segments, a force component in
the liner direction may also appear. We assume that this force can be
neglected during the acceleration time. We denote by 6 the angle be-
tween the original liner formation line direction and the current for-
mation line direction, at 2. Then, we can see from Fig. 1 that the
additional velocity vector dv, at a given position £, induced by the
force acting perpendicularly to the liner during the time dt, adds to
the current velocity vector V(t) to form the new velocity vector
V(t+dt). As a result, the velocity increases in magnitude by the
amount dv = d|v| = |d$| cos(8-8) where |dV| is the magnitude of the
above mentioned additional velocity vector. At the same time, the
tangential velocity component IdVI sin(8-6) causes the velocity direc-
tion to change by the an, ie dé. We can relate the angle d§ to this
component by the equation:

-
|dV| sin(8-8) = v-ds.
Substituting !dv| = dV/cos(8-8) we get the scalar equation for
the velocity magnitude:
dV tan(6-8) = V.46, (2)
Dividing by dt and denoting the differentiation with respect to the
time by a dot above the symbol we finally obtain
§ = I tan(0-6), (3)

The next equation describes the influence of the existence of
a velocity gradient along the liner. We make the assumption that a
liner will not elongate while teing accelerated, or that its elonga-
tion may be neglected.

We are interested in calculating the rate-of-change of liner

slope %%-. Referring to Fig. 2, we note that during the time dt,

11




Initial Liner Contour vy —

Normal to Initial "‘-J -

Liner Face

3 Current Liner
l Contour (Formation
Line)

ds

Parallel to
normal at £

Normal to current Liner
Contour at %

(6-8)

4/ = /dV/ cos (6 ~68)

(6 -6-4d5)

Figure 1. Liner acceieration diagran. showing how the additional
velocity dV coutributes to the increase in magnitude
and change in the direction of the current velocitv,
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point A will move the distance V(t)dt to point C in a direction making
the angle 0(R) ~ §(R) with the normel to the current liner surface
at point A, Point B will move at the same time the distance

(V + %%-d;) + dt to point D. The angle at A (see Fig. 2) between the
initial and current liner direction 1s equal by definition to 6(%).

The angle dO between CD and AB is determined by the components
of V dt and (V + dV)dt normal to the current liner at & thus:

d9 e tan(de) = CEEDE - D’"Q’*d‘ﬁk“(g"v dt. (4)

At the limit of small df this yields:
6 = - V' cos (0-6) (5)

where the prime denotes differentiation with respect to £, and dot
with respect to time,.

14 4
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ITI1. Integration of Basic Equations

Eqs. (3) and (5) represent two equations governing the three
quantities V, 8, and 8. Assuming that the spatial and temporal dis-
tribution of V for a given problem is known, we can solve for @ and §.
Under the approximation tan(8-§) = 6-8. Eq. (3) now becomes

<|<-

e. (6)

<<

§+—+6 =

Eq. (6) is a first order differential equation which for the
initial conditions 8=6=V=0 at t < T has the general solution:
_1t. 1t.
§ = v 0V dt = 8 - v Vo dt Q)]
T T

where T is the instant when the liner begins to accelerate. From
Eq. (5) we obtain under the above approximation:

t t
@ =~ f V'cos(8-8)dt f - v'dt., (8a)
T T

When we substitute & from Eq. (5), the second term of Eq. (7) becomes

t . 1/t 1 [t
{ vedt = = f V V' cos(6-6)dt g—f vv'dt. (8b)

_d
Vip Vg Vig

We, therefore, obtain the general solution for §

t 1 2
5=—! V'dt+'2-‘-;f (vo)'de. €D
T T
B
g
|
?
{
: 15




Iv. Application to Exponential Acceleration

In order to apply Eq. (9) to a practical problem, we shall assume
for V the exponential form:

V(L,E) = V_(2) {1 - exp L(—T“(i;%l)]} (109

when V(,T, and v are functions of £ only. Though this form may not
fit perfectly for all cases, it is reasonably accurate for cases we
have studied and easily integrable for the calculation of § given by
Eq. (9). The corresponding acceleration is

e[ (5]

The quantity T(2) is the arrival time of the detonation wave at the
point £ on the liner, 1 is the characteristic acceleration time of
this point and Vp(L) is the final asymptotic velocity reached by the
liner. The time t=0 is taken when the detonation wave reaches a con-
venient point on the metal say =0,

To facilitate the integration, we interchange the order of time
integration and differentiation with respect to %.

t t
9 1 3 2
§ - 37 IT V dt + 2V 3¢ IT v-dt. (11)

{the differentiation with respect to T vanishes since V = 0 at t = T).
For the V function given bty Eq. (10),

t
f V dt = Vo(t-T) - v (12)
T
‘ zd -V [V T v 1.2 13
v-dt 0[ o(t- ) - V] - 7 W, (13)

T
Substituting Eq. (12) and (13) into Eq. (11) yields:

§ = ——{rv—v (e-T)] - {volrv -V . (t=T)] + = 1 TVZ} . (14)

2V 32

To compare this equation with experimental results, we shall be
interested in the value § will obtain as t =+ «, At this limit,V be-
comes equal to Vg, V' becomee equal to Vp' and the expression for §
becomes:

16
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V. T'
S VR RS R
$ 5 3 TVO + 7 T VO. (15)

Let U be the detonation wave sweep speed, then T' is equal to
1/U for a detonation on the aris of symmetry and Eq. (15) becomes:
A
L L T
5 20 ZTVO +4‘ Vo. (16)
The first term is, for a small angie §, identical to the Taylor
formula, Eq. (1), and the other two are the correction terms.
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V. Constant Acceleration Equation

In deriving Eq. (16) we assumed the exponential form for the
velocity time dependence. Even though this form very well simulates
the experimental measurements it is not the only form one can choose
to fit the experimental data. When solving Eq. (9) with a constant
acceleration assumption at the period of time T < t <(T + 'rc\ i.e.,

t-T
V-V, Tc) (17)
we find
V. T'
-_o__.i ' .]—' '
§ 2 6 cho + e Tc VO (18)
and for the form:
1/2
v=v0<%11 (19)
SR
we obtain
V.T'
_0 1 N S
§=—5—-%%k % *t127sr V0 (20)

It can easily be seen that the tgp parameter of Eq. (19) ex-
actly corresponds to 37, when T is the corresponding parameter in
the exponential acceleration (Eq. 10).

Using an acceleration form such as Eq. (17) or Eq. (19) may be
more convenient in obtaining a closed form solution in more compli-
cated cases, e.g., when the effect of the liner curvature on the
angle § cannot be neglected.

18
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VI. Comparison with Previous Work and Two-Dimensional Code Calculations

Let us now compare Eq. (16) with the equation obtained empiri-
cally by Randers-Fehrson [9] using Two-D code calculations and
experiment. The formula given in Ref. 9 is as follows:

\Y
=——0;_-;- ',__1_ '2
§ 50 " 2 TVO 5 (TVO ). (21)

(Note that Eq. (21) agrees with Eq. (16) in the first two terms).

To perform this comparison we need to know Vg and Vgp',T and 1'.
There exists some experimental data for V; and Vd from exploding
cylinder tests. Experimental data for t (except in special steady
state cages) seems lacking, however. We, therefore, performed Two-D
code simulations to calculate Vg,Vy',T,7' and § for two specific
geometries. Our general approach ?s to use output from a Two-D code
of Vj and v at a number of £ locations to numerically calculate VO'
and 1'. Then substituting these values of Vj and Vy', 1 and t'
into Eq. (16), we obtain a value for § which we shall denote S
(F ~ formula). The value of §p is then compared with the Two-D code
value of § denoted §.(c-code). Wherever experimental measurements of
6 are available for a specific charge we shall denote them 6,,. We
expect to find a good agreement between 8, and 6.4 When using a
reliable Two-D code. Therefore, a check against experimental data is,
in fact., a check of the Two-D code validating its use for checking
Eq. (16). For completeness, these values are also substituted into
Eq. (21) and the result denoted Sgp

The two dimensional code we found most convenient to apply to
this purpose 1s a Lagrangian code named TEMPS in which the explosive
is treated by a two-dimensional finite-difference grid similar to
HEMP, TOODY and other Two-D Lagrangian codes. The liner in TEMPS,
Lhowever, is described as an array of mass points having tensile and
bending forces between each two neighboring points. The liner is
thus being treated as one-dimensional. This not only saves compu-
tation time but also facilitates the data reduction from the code out-
put.

A, Conical Shaped Charge

The first configuration studied is the 81.3 mm diameter, 42°,
conical shaped charge depicted in Fig. 3. In this example we choose
£=0 at the cone liner apex and % is the distance from this point along
the formation line. The charge is initiated by plane detonation at
the rear of the explosive.

From the TEMPS code calculations, the velocity history for each
liner mass-point position & is recorded and plotted. A typical plot
is shown in Fig. 4. The asymptotic final velocity reached is defined
as Vg(2) for each mass point. These are tabulated in Table 1 for
this case. This final velocity is then plotted as a function of 2
as shown in Fig. 5a. This curve is then numerically differentiated

19
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using the simple difference formula AVO/AZ to obtain Vg'(2) which {s
also contained in Table 1.

Next we must estimate the value of t for each mass point. This
was obtained by fitting Eq. (10) to the TEMPS velocity data. The
arrival time T used in Eq. (10) is the theoretical arrival time at the
explosive metal interface and obtained by dividing the distance be-
tween the plane of initiation and the point £ by the detonation
velocity Up. As is indicated in Fig. 4, the wave arrival time pre-
dicted by the TEMPS code does not coincide with the calculated theo-
retical arrival time. This inaccuracy in the code simulctioa is
caused by the code's smearing of the detonation frent in the finite-
difference calculation scheme. Therefore, in performing the fit for T,
we did not choose Tt as the value of t when V = Vo(l-e'l) = 0.632 Vg, .
as is indicated by Eq. (10). This value of T would be inaccurate
since it 1is close to and heavily influenced by the code's calculation
of wave arrival time. We found it more reliable to fit the curves
closely in the region V > .86 Vg. The values of 1 obtained from this
procedure are given in Table 1. These values of T are also plotted
as a function of 2 in Fig. 5b., A line is fitted through the points
and 1' calculated by simple numerical differentiation. The values
are shown in Table 1. We see that for this charge T is approximately
constant and therefore t1' is a very small quantity.

These values are then substituted intc Eq. (16) and Eq. (21) as
well as Taylor's relation and compared to the code calculations. The
quantity &6, is the angle of the velocity vector as given by TEMPS
when the liner reaches a final velocity Vp. The detailed data are
given in Table 1 and plotted graphically in Fig. 6. We see that the
Eq. (16) gives a significant improvement over the Taylor relation
and agrees well with the TEMPS code. Note that since the last term in
both Eqs. (16) and (21) is small, the difference between Eq. (16, and
Eq. (21) is small for this example.

B. Explcding Cylinder

The second configuration studied 18 an exploding cylinder which
is identical co the example used by Randers-Pehrson {9,10]. It con-
sists of a steel pipe segment 101.6 mm in length and a diameter of
50,8 me filled with OCTOL as shown in Fig. 7. For this example,
direct experimental measurements of § and V5 are presented in Ref. 10.
In these experiments, the expanding cylindrical pipe breaks into frag-
ments. The speed and direction of motion of the fragments are measured
by means of x-ray shadowgraphs taken at several predefined times.
Similar experiments were also conducted in References 11 and 12.

To provide a complete verification of Eq. (16), however, the
quantity T is also needed. Since no acceleration data was measuvred
in these expariments, we cannot provide an experimental value for T
and hence a full experimentel verification of Eq. (16) at this point
in time is not possible., In fact, as mentioned in the previous sec-
tion, measurements of metal motion during acceleration have been re-
ported for only a very special steady state case (see [13,14) in
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which Vo' and t' are identically zero. Therefore, in our present
comparison, TEMPS code calculations will again be used to supply the
quantities t and t' (as well as Vjy and Vo'). The experimental data
will thus be used to verify the final values for Vo and § given by
the code calculations as well as the § given by Egqs. (16) and (21).

The results of the TEMPS calculations for Vj and § are compared
to the experimental data in Figs, 8 and 9. Also shown in these fig-
ures are the HEMP simulation results presented by Randers-Pehrson in
[9]. Both TEMPS and HEMP results are within the spread of the expexi-~
mental data,

The procedure to determine 1, t', V4 &nd Vo' from the TEMPS data
was described in the previous section. 2 velocity ve. time plot for
a typical mass point is shown in Fig. 10. A plot of T vs. £ 1s given
in Fig. 11. The values of all the necessary quantities are listed in
Table 2. These values were then substituted into Eqs. (16)and (21)

to compute 6y and Sgp. Fig. 12 is a comparison of §p, Sgp, the
Taylor formuia and §ﬁe TEMPS result 6,. We see that considerable

improvement in the estimation of the angle & is achievzd. Again, we
note that the third term in both Eqs. (16) and (21) is small, there-
fore, &y and Sgp do not differ significantly.

28

Lad ki ™ " o i O "“l.im‘ - N | “




*13puri4d Zurpordxa ue jo %a 103 e3®p TEjUBWII2dXe pue GWHH ‘SdWHI jO uosiaedwo) ‘g 2an3d1y )

(ww) ¥ NOILISOd
01- 0¢~ Oc- 0%- 0s- 09- 0L- 08- 06—

[4p]

| _ _ _ _ 1 | | _ M,Z
\\ i AN
6} m] \
C SINZWI¥A4Xd{ O A
A
— 81 _
=
&
m -
<
—6°1 9
~ 3
5 :

R




o *I9PUTTAD BUIPOTAXd U® jO § dTBUR
coﬂuummoum umcﬂﬂwxuuﬁmumvﬂmucmsaumaxwvcm.%mmmzm.wwocomﬁumaﬁou.mmu:w«h

() ¥ NOILISOd

0 01- 0Z- 0g- 0%- 05~ v9- oL- 08- 06-
m|
_ | | [ | | _ | ¢ \
— z-
A
et .ﬂ.!
/.
]
o
o — 7 o
m
L. —¢ g a
>
. = 1 3
Py \“A“ — < -
A \\\\h@\@\ & —9 & J
\\\I‘nv o o w
~ @ @ 61 (O -1t &
\ 102 uazﬁammbnwﬂ . ~
O A 8
SaWil ———
O —j o1 ‘
ad — b
4
& 0] — 71 .
i




"Wugt *99-=y 38 2url -sa A AITO0TAA JuTO4 SSBR SJWAL JO 3ITF [eIIUdUOAXY (T 2anBTg

(sn) 31 AWIL
138 ot 14 114 <1 01 S

——f —= —+ + +— 4 0
<
e
=
a
] 40T ~
=
g
T~
\

a0 o o 9
T0°¢
IT3 2A2nD (Q]) by === 91 a1aqunyN jurog SSER f

saxal O .

-




*@81eyo 19purydo 3uypordxa

30 UOTIBINOTED GWIL WOIF pallTy 3 UOTIEI0T 3JO UOLIdUN] e S 1 8urmoys 3014 *IT @2an314
(wm) ¥ NOIIISOd
01~ - - - - - L- 08- 06~
f 0z 3 0y a.m o.o o. 8
L ) T Y T R | | § | B | | LB
9¢ w€ A9 82 A 0z 91 A o1
Jaquny
jutod SSER

0°Z

+0°%




j " rapo) SdWAL pu® Se{nuioy wolj paje[ndTed ¢ ay3ur uorlvafoid jo uosiieduwo) *Z1 @2an313

(um)y NOIXLISOA
01- 0z- o€~ oy 05~ 09- 0L- 08- 06~
| ) 1 { 1 i i 1 0
9¢ ne 2€ 87 VX4 Y4 91 Zt o1t 8
zaqumny
lurog Ssey O

33

(822a83p) ¢ ATIONV NOILDACONd MANIT

v 10ThR] em—w—
Tz basy t8
91 by *4A109yg esazg
SdWil




|

3 L9

99¢°9 9Ly-L GLL"9 700" - o%7°¢t 100°- %€0°C Tt

LS9 96L°9 698°9 G6L°9 €00°- 09°¢ 100°- TL0°Z 87

8Z°9 L0Z°9 99€°9 209°9 S00°- 59°¢ ¢00° 860" %¢

$ 8L°¢ LYL°S %18°S 86¢°9 200°- 89°¢ %00° YA R A 1 T4

€6°Y 080°S %90°S ToL°s 000° - 89°¢ 900° ¢L6°T 91

gy°t 6%7G°¢€ S69°¢ 2LLy 900° - TL°¢ 0010° 688°T ¢1

(A AN 61£°C 2L°c 901" % 810" - 9L°¢ 1210° %78°T OI

€T’ L AN 666°1 8L7°¢ T€0° - 06°¢C ¢110° LSL°tT 8
M Ammwuwawwvv ?%Mu.w%%v Amamwu.wwv%v (s22189P) (u/sm)  (sn) (5" mﬂ./\ uwmﬂwm
%9 49 Ry IoThEL, 2 2 % 0p %W

SNOLIVINDTVD ¥ZANITAD ONIGOTIAXE A0 SITAST °¢ T1EVL

34




A ot et L

VII. Summarv and Conclusions

In this report a formula for the explosive-metal Taylor angle §
in the unsteady case was derived from basic physical principles under
the assumptions

(a) the explosive [ressure always acts normal
to the current liner surface.

(b) total angular motion of the metal is small
(i.e., 8-6 is small)

(c) forces in the liner are small during the
acceleration time.

Also, the present case 1s restricted to liners whose meridional
curvature 1s small. Under the assumption of an exponential decaying
acceleration in time of the metal, this formula is given by

1

\Y

=.0_1 ] '
w2 T3t Y
where Vg is the final velocity, 1 the characteristic acceleration time,
and U the detonation sweep speed; the prime indicates spatial dif-
ferentiation along the liner. We point out that the first term repre-
sents the steady-state Taylor result. The remaining two terms repre-
sent the unsteady effects. Note that the first two terms are
identical to the semi-empirical formula given in [9].

$

ror the collapse of a conical shaped charge and the explosion of
a metal cylinder we have found this formula to yield accurate results
when compared to Two-D hydrocode calculations and to provide a signifi-
cant improvement over the Taylor relation. The experimental data
available also shows that the formula is accurate.

More recently, liners with large amounts of curvature in the
meridional direction (formation line) such as hemispheres have shown
promise as candidates for certain warhead applications. For such
cases, the present formula is not applicable. It is therefore suggested
that the current analysis be extended to include these more complex
geometries.
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